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The relationship between the spinorial kernel and the commutator sub- 
group of the orthogonal group is of basic importance in the study of the 
structure of the orthogonal group and has been worked out for local and 
global fields of characteristic # 2 (see [5] and [7]). In [3], E. Connors treats 
the case of local fields of characteristic 2. In this paper we deal with global 
fields of characteristic 2. 
Let 1. be a nondefective quadratic space over such a field. Let O(V) 
denote the orthogonal group of V, O’(V) its spinorial kernel, and Q(V) its 
commutator subgroup. U’e prove the following 
THEOREM. O'( LT) = Q( I'). 
Since I,- is isotropic if dim V > 4, the interesting case is when V is 
4-dimensional anisotropic. The problem comes down to the construction of 
a 2-dimensional nondefective space which represents certain numbers and is 
itself represented by I/. To accomplish this, we need to use the Very Strong 
Approximation theorem and the Reciprocity law. This is in contrast ‘to the 
case of characteristic f  2 where it is enough to construct a certain l-dimen- 
sional space which is represented by V, a task for which the Weak 
Approximation theorem alone suffices. 
1. PRELIMINARIES 
Throughout this paper, F will denote a field of characteristic 2 and M the 
additive homomorphism of F into itself given by p(x) = x2 + x. A quadratic 
space V over F is a finite dimensional vector space over F together with a 
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quadratic form Q and associated symmetric bilinear form B. We assume the 
reader is familiar with the theory of such spaces (see [l], [4], [9]). 
R(V) = (XE r/ B(x, V) = O} 
is called the core of I/- and V is called nondefective if K( V) 2: 0. 
I?( L’) == (x E K(V) / Q(x) = 0) 
is called the radicaE of V and V is called nondegenerate if R( I’) = 0. We shall 
always assume that the given quadratic spaces are nondegenerate unless we 
specifically state otherwise. 
The l-dimensional quadratic space Fx with Q(X) = a will sometimes be 
denoted (a). Similarly, if V is a 2-dimensional quadratic space with basis X, 
y  such that Q(X) = a, Q(y) -= c and B(x,y) = b -# 0 we sometimes write 
I’ = (u b ,). A space I/ = (,, l ,,) is called a hyperbolic pZane. An orthogonal 
sum of hyperbolic planes is called a hyperbolic space. A nonzero x E V with 
Q(X) = 0 is called isotropic and a space which contains an isotropic vector is 
called isotropic. 
Suppose V is a nondefective space. Then V has an orthogonal splitting 
VI ‘l c 1 a1 Cl i...i( bn j.4 c, 
The coset xi aicibL2 f  p(F) is an invariant of V, the Arf invariant (see [I]). 
We shall denote it d I/. We will sometimes find it convenient to write d I’ = a, 
a E F, instead of rl V = a + 63(F). 
Let G and V be quadratic spaces over F. A representation of 7Y into I7 is 
a linear map 0 : U - V such that Q(Dx) 1 Q(x) for all x E U. Usually we 
supress CJ and simply write U + I’. A representation is always injective 
(remember that our spaces are assumed to be nondegenerate). I f  the repre- 
sentation is bijective we call it an isometry, say that CT and V are isometric 
and write U E I/. I f  U = V, the set of all isometries of V into itself form 
a group, the orthogonal group of I/ denoted O(V). With a single exception 
(when dim Z’ = 4 and F is the finite field of 2 elements), O(V) is generated by 
orthogonal transvections (see [4]). 
2. LOCAL RESULTS 
In this section we assume that F is a local field. Thus F is complete with 
respect to a discrete valuation with finite residue class fieldf. In this situation, 
i/tat has two elements. We let 0 and 1 denote representatives in F of these 
elements. Also let o denote the valuation ring of F and u the set of units of F. 
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LEMMA 2.1. Let a, 6 E o. Then 
Proof. Set P = (a lb), H = (o 1 ,,) andL = (1 l J. Now d(P) = ab + p(F). 
I f  either a or b $ n then, by Lemma 3.2 in Chapter IV of [9], d(P) = 0 
and then P g H by Zusatz 2 of [I]. I f  both a, b E u, then either d(P) = 0 
in which case P z H as before or else A(P) = 1 + p(F) by Lemma .3.2 in 
Chapter IV of [9]. By Lemma 1.6 of [S] Q(P) = Q(L). Hence P z L by 
Theorem 5.4 in Chapter II of [9]. 
PROPOSITION 2.2. Suppose P = (a l b) with a, b E o and V = P, 1 Pz with 
Pi = (ailb,),ai,biEUfori= 1,2. ThenP+ V. 
Proof. Immediate by Lemma 2.1 and Lemma 4.6 in Chapter II of [9]. 
For the convenience of the reader we record four results. 
PROPOSITION 2.3. Let U and V be nondefective quadratic spaces over F 
with dim V - dim U = 2, Then A U # A V implies U 4 V. 
Proof. See Theorem 3.6 in Chapter IV of [9]. 
PROPOSITION 2.4. Let V be a quaternary anisotropic quadratic space over F. 
Then AV = 0. 
Proof. See Corollary 3.7 in Chapter IV of [9]. 
PROPOSITION 2.5. The anisotropic plane (1 1 J represents all elements of F 
of even order. 
Proof. See Lemma 1.6 of [8]. 
PROPOSITION 2.6. Let b, , b, E F and suppose that exactly one of b, , b, , 
b,b, has even order. Then there exists d E F such that { 1, b, , b, , b,b,j c Q(P) 
where P = (1 1 d). 
Proof. See [3]. 
We shall refer to the plane of Proposition 2.6 as a Connors plane for b, , b, 
in Section 4. 
3. GLOBAL RESULTS 
In this section we examine the Hasse principle for representation of 
quadratic spaces over global fields. Although the result is well known in the 
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characteristic + 2 case, I have not found an explicit statement in the literature 
let alone proofs in the characteristic 2 case. 
So IetF be a global field. I f  p is a prime ofF we denote, as usual, the comple- 
tion of F at p by F, and the localization of I/ at p by Jet . 
We first of all note the following 
PROPOSITION 3.1. Let V be a quadratic space ozjey F. If dim V > 4, then I7 
is isotropic. 
Proqf. Immediate by Lemma 4.5 in Chapter 11 of [9] and the bottom of 
p. 58 of [6]. 
THEOREM 3.2. (Ham Principle for isotropy). Let I-’ be a quadratic space 
(possibly degenerate) over F. Then V is isotropic if and only if V/p is isotropic for 
all primes p of F. 
Proof. This result is implicit in the literature so we merely sketch a proof. 
First of all, the theorem is trivial if V is degenerate. So we may assume that J. 
is nondegenerate. Since nondegenerate spaces over global fields are auto- 
matically isotropic if dim V > 4 or if dim k’ == 4 and V is defective, we may 
assume that dim V 5: 4 and that V7 is nondefective if dim J’ = 4. If  dim Ji -= 1 
the result is trivial. I f  dim V = 2, then the theorem is an immediate conse- 
quence of Theorem 1 in Chapter 9 of [2] when I,- is defective and Theorem 2 
in Chapter 5 of [2] when I/ is nondefective. For dim 1,. = 3 or 4 the theorem 
follows readily from Satz 9 and Satz 10 of [I], the Brauer-Hasse-Xoether- 
theorem, and the following easily verified facts: K(J), = K( J’,,) and 
R(J-) 7:~ 0 implies R(V,) = 0. 
An immediate consequence is 
COROLLARY 3.3. Let a + 0 be in F and let V be any quadratic space over F. 
Then (a) - V if and only if (a), -+ J/, for all primes p. 
Proof. Use Lemma 4.4 in Chapter 11 of [9] and Theorem 3.2. 
Let H(k) denote the hyperbolic space of dimension 2h. We have 
LEXMA 3.4. Let Jf’ be a quadratic space over F. Then H(k) -+ V if and 
only if H(k), --z VP for allprimes p. 
Proof. H(k) - Ji implies H(k), -* I‘, f  or all p is trivial. The converse 
follows readily by induction on k utilizing Theorem 3.2 and Witt’s cancellation 
theorem. 
Lmma 3.5. Let P be a nondefectiveplane. Then, for azy quadratic space J -, 
P ---f Y if and only if H(2) ----f V I P. 
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Proof. P --f V if and only if V z P 1 W for some space W. Now 
V 1 P z P 1 P 1 W g H(2) 1 W by Lemma 4.6 in Chapter II of [9] 
and this is true if and only if H(2) + V 1 P. 
LEMMA 3.6. Let P be a nondefectiveplane. Then, for any quadratic space V, 
P --) V if and only if P, - VP for all primes p. 
Proof. Immediate by Lemmas 3.4 and 3.5. 
We now have the Hasse principle for representation of nondefective spaces. 
PROPOSITION 3.7. Let U be a nondefective space and V any quadratic 
space. Then U -+ V if and only if U, + I’, for all primes p. 
Proof. U --t V implies Up + VP for all p is trivial. We shall establish the 
converse. Now U nondefective implies 5 = P, 1 ... 1 Pk where each Pi 
is a nondefective plane. The proof follows easily by induction on k utilizing 
Lemma 3.6 and Witt’s cancellation theorem. 
4. THE MAIS RESULT 
In this section, F will signify a global field and V a nondefective space over 
F. We denote by F, the completion of F at the prime p, by oP its valuation 
ring, by up the set of units of F, and by 1, the 1 of F, as defined in Section 2. 
We use the letter Q to stand for the quadratic form on any quadratic space in 
this section. O(V), as usual, will denote the orthogonal group of V, O’(V) its 
spinorial kernel and Q(V) its commutator subgroup. Our goal is to prove the 
following 
THEOREM 4.1. O’(V) = Q(V). 
Proof. The standard argument works if dim V < 4 or I/- is isotropic. 
Since F is a global field, V is isotropic if dim I7 > 4. Hence we may assume 
that dim V = 4 and V is anisotropic. 
We may write 
’ = (a, ’ a,) i (a, ’ a,)’ 
Now let 0 E O’(V). We must show that (J E a(V). We may express c as the 
product of either 2 or 4 orthogonal transvections (see [4], 1) of Section 10). 
I f  2, then clearly (J E J2( V) so we may assume that u is the product of 4 
orthogonal transvections, 
and without loss of generality write Q(xJ = 1, Q(xJ = b, , Q(xa) = b, , 
Q(xJ = b,b, . The proof will be accomplished by constructing a nondefectivc 
plane P such that 
(a) P-t V 
(b) {I,& , b, , V,S C Q(P) 
for then, by a standard argument, u will be conjugate to an element of sZ( V) 
and hence be in sZ( V) itself. 
We pick a finite set of primes S ofF as follows: p E S if and only if 
(1) V, is anisotropic and all three of b, , 6, , b,b, have even order at p. 
(2) V, is anisotropic and exactly one of b, , b, , b,b, has even order at p. 
(Note that when VP is anisotropic either (1) or (2) obtains.) 
(3) I;, is isotropic and at least one of the a, is a nonunit at p or at least one 
of b, , b, , b,b, has odd order at p. 
Now, for each p E S, we select d, E F, as follows: 
(1) Select for d, the 1 of Proposition 2.5. 
(2) Select d, so that (i l dp) is a Connors plane for b, , b, . 
(3) Pick any d, E p(FJ. 
Finally let q $ S. Then, since ia is open in F, , by the Very Strong 
Approximation theorem (see [6], 33.11) there exists d E F such that 
(i) d EC d, mod p(FJ for all p E S 
(ii) d E op for all p $ S u q. 
Set P = (i l ,J. We now show that conditions (a) and (b) are satisfied. 
Verification of (a): By Proposition 3.7 it is enough to show that P, + V, 
for all p. 
(1) Suppose vip is anisotropic. Then p E S of type (1) or (2). But then P, 
is anisotropic by construction. Hence AP, # 0 by Zusatz 2 of [l] and 
AVp = 0 by Proposition 2.4. Hence P, - V, by Proposition 2.3. 
(2) Suppose V, is isotropic and p E S. Then P, is a hyperbolic plane by 
construction. But then P, + V, by Satz 6 of [I]. 
(3) Suppose Vp is isotropic and p $ S u q. Invoke Proposition 2.2. 
(4) Finally let p = q. Then V, is isotropic. We also note that all ai E us . 
I f  d E oq , then P, - V, by Proposition 2.2. If  d $ oq , then AP, # A V, by 
Lemma 3.2 in Chapter IV of [9] and hence P, + Vq by Proposition 2.3. 
Thus P, ---f VP for all p and (a) is established. 
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Verification of (b): By Corollary 3.3 it is enough to show that (1, 6, , b, , 
b,b,} C Q(P+,) for all p. We consider five cases: 
(1) p E S of type 1. By Proposition 2.5 and our choice of d. 
(2) p E S of type 2. By construction P, is a Connors plane for 6, , b, . 
(3) p E S of type 3. In this case P, is a hyperbolic plane by construction and 
hence universal. 
(4) p $ S u q. Then, since d E op , P, is either a hyperbolic plane and 
hence universal or else d = 1, mod p(FJ by Lemma 2.1 and hence represents 
1, b, , b, , b,b, by Proposition 2.5 (since 1, 6, , b, , b,b, are units in FJ. 
(5) Finally suppose p = q. Note that Q(P) is the norm group of a separable 
quadratic extension of F (since P is nondefective) and { 1, b, , b, , b,b,} C Q(Pp) 
for all p f  q. Then { 1, 6, , b, , b,b,} _C Q(P,) by the reciprocity law of global 
class field theory. QED. 
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